In most, if not all, of the previous work on finite element formulation and nonlinear solution procedures, results of geometric nonlinear benchmark problems of shells are presented in the form of load-deflection curves. In this paper, eight sets of popularly employed benchmark problems are identified and their detailed reference solutions are obtained and tabulated. It is hoped that these solutions will form a convenient basis for subsequent comparison and that the tedious yet inaccurate task of reconstructing data points by graphical measurement of previously reported load-deflection curves can be avoided. Moreover, the relative convergent difficulty of the problems are revealed by the number of load increments and the total number of iterations required by an automatic load incrementation scheme for attaining the converged solutions under the maximum loads.
INTRODUCTION
To examine or demonstrate the accuracy of new finite element models or the effectiveness of new nonlinear solution procedures, popular benchmark problems are often exercised and the predictions are compared to some reference solutions. Since analytical solutions of shell problems are very limited, most of reference solutions are previously reported numerical solutions. For linear benchmark problems, these solutions can be conveniently and concisely expressed in terms of numerical figures. To this end, the problem sets stipulated by MacNeal & Harder [1] and Hitchings, Kamoulakos & Davies [2] include some of the most widely attempted tests. Reference [1] has been well-received in the academic community. Reference [2] is a publication of UK's National Agency for Finite Element Methods and Standards (NAFEMS) and is mainly adopted by software developers for quality assurance. Noticeably, there are a number of cases common to both problem sets.
For geometric nonlinear analysis of shells, the most recent and relevant NAFEMS publication is probably the one by Prinja & Clegg [3] . Besides reference [3] , more than forty research papers on geometric nonlinear finite element formulation have also been surveyed. For conciseness, the reported predictions are mostly presented in the form of load-deflection curves. Occasionally, the results are reported numerically at a few selected load levels. In order to compare the predictions of new finite element models or procedures with their precedents, reconstructing the previously reported load-deflection curves by extracting data points using graphical measurement is the obvious and, perhaps, the only choice. The practice is not only inaccurate but also time consuming. In this context, eight sets of popular benchmark problems for geometric nonlinear analysis of shell are selected from those considered in references . They are attempted by using ABAQUS's S4R four-node shell element models [50] . This paper will provide sufficient data points in numerical format so that the relevant load-deflection curves can be accurately and efficiently reconstructed. To reveal the relative convergent difficulty of the problems, the number of load increments and the total number of iterations required by ABAQUS's default automatic load incrementation scheme for attaining the converged solutions under the maximum loads are reported.
LOAD INCREMENTATION SCHEME
In the nonlinear solution procedure, the full Newton-Raphson method is used. The default convergence criteria are always employed and they are the simultaneous 0.5% force tolerance and 1% displacement tolerance. The default automatic load incrementation scheme in ABAQUS is adopted and the procedure is portrayed in Figure 1 . Throughout the scheme, the maximum load P max will be automatically subdivided into NINC load increments which are not necessarily uniform. At the end of each load increment, a converged intermediate solution is obtained. This reduces the degree of nonlinearity from an intermediate solution state to another and enhances the chance of obtaining the ultimate solution. The latter is the one under the maximum load P max . The scheme starts with the load increment ∆P set to the maximum load P max . If the solution cannot converge within 16 iterations (counted by m) or if the solution diverges, the scheme abandons the increment and starts again with the load increment reduced to one-quarter of the previous value. If the solution still fails to converge, the scheme further reduces the increment size again. If the solution fails after 5 attempts (counted by n) of load increment reduction, the analysis will be stopped or aborted. On the other hand, it automatically increases the load increment by 50% if the last two converged solutions are both obtained within 5 iterations. If the scheme is not aborted, ABAQUS outputs NINC and NITER. The latter is the total number of iterations required to obtained the NINC converged intermediate solutions. In this paper, both NINC and NITER are reported to reveal the relative convergent difficulty of the considered problems.
For the sake of benchmarking, intermediate solutions given at uniform load intervals are desired.
However, these solutions cannot be yielded by the afore-discussed default automatic load incrementation scheme. To this end, the solutions to be reported are computed by dividing the maximum load into a number of equal load increments NINC*, where further subdivision of the load increment is suppressed. In order that the ultimate solution can be successfully obtained, NINC* is often much larger than the NINC required by the default automatic load incrementation scheme.
BENCHMARK TESTS
In this section, eight sets of popularly employed geometric nonlinear benchmark problems on beams, plates, cylindrical shells and spherical shell are selected. A small portion of the considered structures are laminated. In the subsequent description, the following nomenclature is employed:
ν: Poisson's ratio b: width E: elastic modulus G: shear modulus h: thickness of beam, plate or shell I: second moment of area L: length or longitudinal length M, M max : applied moment and maximum applied moment, respectively NINC: the total number of load increments that yield the ultimate solution (determined by the default load incrementation scheme), NINC*: the number of equal load increments used to obtain the plotted and tabulated data NITER: the total number of iterations that lead to the NINC convergent solutions P, P max : applied force and maximum applied force, respectively R: mean radius U, V and W: displacements along the Cartesian coordinates X, Y and Z, respectively.
All benchmark problems to be presented have been attempted by ABAQUS's S4R, S4R5 and S9R5 curved shell element models. All of them are Reduced-integrated elements with hourglass control and their features are summarized in Table 1 . In particular, the formulation of S4R changes when the shell thickness increases from that of the discrete Kirchhoff shell to that of the thick shell.
On the other hand, both S4R5 and S9R5 are only recommended for thin shell analysis [50] . In nearly all problems, the deformed structures will be portrayed and the displacement amplification factor is always taken to be unity. When the default automatic load incrementation scheme is adopted, the solution procedures of S4R5 are aborted before the load reaches its maximum in many benchmark problems. The situation of S9R5 is even worse. When equal load increments are imposed, S4R5 and S9R5 require considerably larger number of load increments than that of S4R for securing the ultimate solution.
In this light, only the predictions of S4R and the related NINC and NITER output at the end of the automatic load incrementation scheme will be reported.
To ensure that the reported solutions have been sufficiently converged with respect to the mesh density, the mesh is refined until the solutions yielded by two successively refined meshes are practically identical. To illustrate that the mesh density is adequate, results predicted by two different meshes will be shown in all load-deflection curves. The two sets of results are graphically indistinguishable and the discrepancy is typically around 0.1%. The precise relations between the applied loads and the selected deflections in numerical format are mostly reported at a load interval given as 5% of the maximum load. If deemed to be necessary, additional data points are employed to enhance the quality of the so-constructed load-deflection curves. Lastly, all problems are geometric nonlinear in the narrow sense and material nonlinearity is not considered. Figure 2a shows a cantilever subjected to the end shear force P. The problem has been considered in references [5, 8, 19, 21, 29, 32, 35, 36, 45, 47, 48] , among others. A commonly employed mesh for four-node shell elements is 8×1 which is also adequate for the S4R element. Figure 2b plots the end shear force against the vertical and horizontal tip deflections. Table 2a lists the same deflections whereas Table 2b lists the NINC and NITER. Figure 2c portrays the deformed cantilever under the maximum load. Figure 3a shows a cantilever subjected to end moment M. A commonly employed mesh for fournode shell elements is 12×1. The problem has been considered in references [5, 10, 13, 17, 18, 21, 29, 30, 32, 34, 36, 40, 46] , among others. The cantilever forms a circular arc with its radius R given by the classical flexural formula R = EI/M. Using the formula, the analytical normalized deflections can be derived to be
Cantilever subjected to End Shear Force

Cantilever subjected to End Moment
The maximum end moment M max is taken to be πM o at which the beam will be bent into a circle. In this problem, accurate predictions can be yielded by 8×1 S4R elements. Figure   3b plots the end moment against the vertical and horizontal tip deflections. Figure 3c portrays the deformed cantilevers at M = 0.35M max , 0.7M max and M max . Table 3a lists the analytical and computed tip deflections, which are highly consistent with each other. Table 3b lists the NINC and NITER. Compared to the last cantilever problem, the present one converges less readily. 
Slit Annular Plate subjected to Lifting Line Force
The slit annular plate is shown in Figure 4a . The problem has been considered in references [23, 25, 27, 33, 36, 39, 40, 44, 46, 48, 49] , among others. The line force P is applied at one end of the slit while the other end of the slit is fully clamped. A commonly employed mesh for four-node shell elements is 6×30 which is also adequate for the S4R element. Figure 4b plots the load against the vertical deflections at the tips of the slit A and B. Table 4a lists the deflections whereas Table 4b lists the NINC and NITER. Figure 4c shows the deformed slit plate under the maximum load. Figure 5b plots the load against the radial deflections at the points of loading A and B. Table 5a lists the same deflections whereas Table 5b lists the NINC and NITER. Figure 5a also shows the deformed hemispherical shell under the maximum load. In this problem, reasonably accurate predictions can be yielded by using 12×12 S4R elements. Figure 6a shows an open-ended cylinder being pulled by a pair of radial forces Ps. The problem has been considered in references [14, 24, 26, 28, 32, 33, 40, 44, 46, 48, 49] , among others. Owing to symmetry, one-eighth of the shell is modeled and a commonly employed mesh for four-node shell elements is 8×12. Figure 6b plots the load against the radial deflections at points A, B and C. Table   6a lists the data points whereas Table 6b lists the NINC and NITER. The deformed geometry under the maximum load is portrayed in Figure 6c . In this problem, reasonably accurate predictions can be yielded by 16×24 S4R elements. Figure 7a shows a pinched cylindrical shell mounted on rigid end diaphragms over which the in-plane displacements U and W are restrained. The problem and its variations have been considered in references [21, 26, 37, [43] [44] [45] 48] , among others. Owing to symmetry, one-eighth of the shell is modeled and a commonly employed mesh for four-node shell elements is 40×40 which is also adequate for the S4R element. Figure 7b plots the load against radial deflections at points A and B. Table 7a lists the same deflections whereas Table 7b lists the NINC and NITER. The deformed geometry under the maximum load is portrayed in Figure 7c . Figure 8a shows the semi-cylindrical shell subjected to an end pinching force at the middle of the free-hanging circumferential periphery. The other circumferential periphery is fully clamped.
Pinched Cylindrical Shell mounted over Rigid Diaphragms
Pinched Semi-Cylindrical Isotropic and Laminated Shells
Along its longitudinal edges, the vertical deflection and the rotation about the Y-axes are restrained. Figure 8b plots the applied force against the downward deflections at A. Table 8a lists the same deflections whereas Table 8b lists the NINC and NITER. The deformed shells under the maximum load are portrayed in Figures   8c and 8d . In this problem, reasonably accurate predictions can be yielded by 32×32 S4R elements. Owing to symmetry, one quarter of the roof is modeled and a commonly employed mesh for fournode shell elements is 4×4. For the 12.7 unit thick shells, reasonably accurate predictions can be yielded by using 8×8 S4R elements as shown in Figure 9b . For the 6.35 unit thick shells, the same mesh is inadequate. However, reasonably accurate predictions can be obtained by using 16×16 S4R elements as shown in Figure 9c . Tables 9a to 9f Unlike the previous problems, the deformed meshes are not shown as they can hardly be distinguished from the undeformed ones. As the default automatic load incrementation scheme does not work for the present problems, there are no NINC and NITER. 
CLOSURE
From more than forty publications on geometric nonlinear analysis of shells, eight sets of popularly employed benchmark problems are identified and the detailed reference solutions are tabulated. It is hoped that the solutions will form a convenient basis for subsequent comparison and that the inaccurate and time consuming task of reconstructing data points by graphical measurement of previously reported load-deflection curves can be avoided. To reveal the relative convergent difficulty, the number of load increments (NINC) and the number iterations (NITER) required by an automatic load incrementation scheme to attain the maximum loads are also reported. Care has been exercised to ensure that the reported solutions have been highly converged with respect to the mesh density. It is interesting to note that once the employed mesh becomes sufficiently fine, the NINC and the NITER are not sensitive to further mesh refinement. In view of converging difficulty, the most demanding problems are the cantilever subjected to end moment and the hinged cylindrical roofs. While the hinged roof problems must be solved by Riks method, NINC and NITER of the cantilever problem are significantly higher than that of the remaining benchmark cases. 
